Chapter 2
The Mathematical Language of Symmetry
2.1 Why Mathematics Is Needed

Symmetries in physics are expressed through mathematics. The appropriate language is group
theory, which provides a precise way to describe transformations that leave the laws of physics
unchanged.

2.2 What Is a Group?

A group is a collection of transformations together with a rule for combining them. A mathematical
group satisfies four properties: closure, identity, inverses, and associativity. Rotations of a sphere
form a familiar example.

2.3 Continuous Groups

Many physical symmetries can change smoothly by any amount. Such continuous symmetry
groups are called Lie groups, named after Sophus Lie. They describe rotations, gauge
transformations, and Lorentz transformations.

2.4 Important Lie Groups

U(1) represents phase symmetry and gives rise to electromagnetism. SU(2) describes weak isospin
and the weak interaction. SU(3) describes color symmetry and the strong interaction. Together they
form the Standard Model gauge group SU(3)C x SU(2)L x U(1)Y.

2.5 Lie Algebras

Every continuous group has an associated Lie algebra consisting of generators. The generators
define infinitesimal transformations, and their commutation relations determine the structure of the
symmetry.

2.6 Generators

Generators may be viewed as the fundamental building blocks of continuous symmetries. For
example, SU(2) has three generators and SU(3) has eight generators, corresponding to the eight
gluons of quantum chromodynamics.

2.7 Representations

Particles are classified according to representations of symmetry groups. Electrons, quarks,
neutrinos, photons, and gluons each transform differently under the Standard Model gauge group.
Their quantum numbers arise from these representations.

2.8 Why Representations Matter

Representations determine how particles interact. Two particles with different representations can
experience different forces even if they have similar masses or spins.

2.9 Example: Electroweak Theory

The left-handed electron and neutrino form an SU(2)L doublet, whereas the right-handed electron is
an SU(2)L singlet. This explains why only left-handed fermions participate directly in the charged
weak interaction.

2.10 Looking Ahead

The mathematical ideas introduced in this chapter allow us to understand why gauge bosons exist,
why electric charge is related to weak hypercharge and weak isospin, and how the Standard Model
is built from symmetry.



Chapter Summary

Group theory is the mathematical language of symmetry. Continuous Lie groups, their Lie algebras,
generators, and representations provide the framework for the Standard Model. The next chapter
examines the spacetime symmetries upon which quantum field theory is constructed.



